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ABSTRACT: A scenario for stabilization of axionic moduli fields in the context of type IIB
Calabi-Yau flux compactifications is discussed in detail. We consider the case of a Calabi-
Yau orientifold with h™! # 0 which allows for the presence of Bs and Cy-moduli. In an
attempt to generalize the KKLT and the Large Volume Scenario, we show that these axions
can also be stabilized - some already at tree level, and others when we include perturbative
o/-corrections to the Kahler potential K and nonperturbative D3-instanton contributions
to the superpotential W. At last, we comment on the possible influence of worldsheet
instantons on the process of moduli stabilization.
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1. Introduction

In the past few years there has been great research interest in the field of string phenomenol-
ogy, dealing with the question of stabilizing moduli fields at desirably high masses (for a
comprehensive review see e.g. [, f]). This was initiated by the KKLT scenario [f] which
suggested a way to obtain stabilized vacua from type IIB string theory building on earlier
works such as [, [J. Presently, one can find many extensions and improvements of the
original idea, the most notable and well established of which is the Large Volume Scenario
(LVS) [@, [i]- It builds up on the KKLT solutions by allowing for non-supersymmetric vacua
and by including perturbative corrections to the tree-level Kéhler potential computed in [g].
Up to now the LVS has passed many consistency checks (e.g. [[]]), but there is nevertheless
much space for improvement. The stabilization of the Kéhler moduli requires manifolds
with negative Euler number, as well as non-perturbative effects which appear only if cer-
tain conditions are satisfied [[q—[[d]. And it is of course desirable to have a working recipe
also for the other cases. The process of uplifting to a Minkowski or de Sitter vacuum also



needs to be understood better because at present it seems that unnatural fine tuning of
parameters is necessary.

In this paper we propose another extension, namely the stabilization of moduli fields
that arise from the two-form R-R and NS-NS fields in type IIB string theory. These are
usually neglected in the literature, where the main focus is on stabilizing the volume of
the underlying manifold to large enough values. Here we will argue that the stabilization
of these so called axionic or non-geometric moduli is an important step in drawing the full
picture. We show that these axions may lead to changes in the process of stabilization of
the manifold volume and the other moduli. Additional motivation for considering them are
the possible cosmological consequences from their existence - they are good candidates for
driving inflation as recently suggested in [[J]. Here we will try to put these considerations
on a firm ground, first showing explicitly the existence of a large number of flux compact-
ifications in F-theory that include axions. These are afterwards translated to the type IIB
compactifications on Calabi-Yau orientifolds, where the analysis of moduli stabilization is
better understood. Then we will be able to generalize the existing stabilization techniques
in order to accommodate for the new moduli.

For this reason we first try to give a brief introduction to type IIB flux compactifications
in section P, including the axions in the general discussion. In section f we discuss the
stabilization procedure at tree level. We then show how stabilization changes after including
perturbative and D3-instanton corrections, in sections [l and f] respectively. We comment
on both the supersymmetric (KKLT) and non-supersymmetric (LVS) type of vacua. Based
on [[[4-[Lf] we are also able to estimate the importance of the worldsheet instantons on the
moduli potential in section |j and we see that the Bo-moduli might substantially alter the
moduli stabilization procedure in the large volume limit. We conclude by listing the possible
applications of the axion moduli and suggestions for further research in section [f. Some of
the more technical calculations used in the main text are carried out in the appendices.

2. Flux compactifications in type IIB string theory

We will first briefly review flux compactifications of type IIB string theory establishing the
basic conventions and equations that will be used later.

The particle content of the type IIB supergravity is derived from the massless spec-
trum of the corresponding superstring type. The fermionic part consists of two left-handed
Majorana-Weyl gravitinos and two right-handed Majorana-Weyl dilatinos. As supersym-
metry holds and all fermionic degrees of freedom correspond exactly to bosonic ones, spec-
ifying either part of the effective action completely determines the other one. In this case
there are 32 supersymmetry generators, i.e. we are in the case of N = 2 supergravity in 10
dimensions. We will then concentrate on the bosonic part from here on, keeping in mind
the fermionic counterparts. In the bosonic spectrum we have NS-NS and R-R bosons.
The NS-NS bosons are the metric gy, a two-form By (with corresponding field strength
Hs = dBs) and the dilaton ¢. The R-R sector consists of corresponding form fields Cp, Ca,
and Cy, the latter having a self-dual field strength F5 (also F} = dCy and F3 = dC5). In
order to obtain four dimensional models with N' =1 we need to compactify the theory on



Calabi-Yau orientifold where fluxes are turned on under the conditions:

1 1
W/E ngnaez, W . ngmﬁ GZ, (21)
a B

with ¥, g three-cycles on the manifold. The resulting metric becomes a warped product
of flat four-dimensional spacetime and conformally Calabi-Yau orientifold.

The compactification as described in this picture essentially requires a Calabi-Yau
three-fold with O3/O7 orientifold planes, D3/D7 branes and the fluxes from (R.1]). There
is however another description of the same physical situation if one considers F-theory on
an elliptically fibered Calabi-Yau four-fold [[7]. There one needs to add only D3 branes and
fluxes and the theory is equivalent to the one of type IIB flux compactification. Since in
this way one obtains the orientifold ”for free” without the need of explicitly constructing
03/07 projection as in the type IIB picture, the F-theory approach is widely used for
realistic constructions. The rules of translating between the two pictures are simple to
use. A detailed summary can be found in section 4.1 of [1§]. Here we will need to know
that (h1!(CYy) — 1) corresponds to hi’l and h*!(CYy) to h™', where hﬁ_’,l_ are the Hodge
numbers on the Calabi-Yau orientifold counting the even resp. odd parts of the (1,1)-
homology under the orientifold projection. The tadpole cancellation condition that needs
to be satisfied in the F-theory picture is:

X(CYy)

TR (2.2)

m/H3/\F3+ND3_ND3:
where x is the Euler number of the four-fold. In the type IIB picture this number effectively
collects the contribution to the D3 brane charge from the orientifold planes and the D7
branes. Clearly, x(CY}y) needs to be divisible by 24, which puts a restriction on the space of
elliptic four-folds that can be used for compactification (not too strict one since x(CYy) =
48 + 6(hb1 + B3 — p21Y).

The resulting effective field theory corresponds to a standard N' = 1 supergravity with
number of scalar (moduli) fields counted by the Hodge numbers. The KKLT and LVS
scenarios, as well as the vast literature on the subject of type IIB moduli stabilization,
focus the attention on breaking the no-scale structure of the potential and on stabilizing
the Kéahler moduli at a value where the internal manifold has a large volume as consis-
tency requires. In this process the non-geometric Kahler moduli are usually completely
disregarded and assumed non-existent. This is only justified in special cases for orientifold
projections where [ 0, as otherwise we have additional moduli coming from the 2-form
fields By and (s of the type IIB low energy effective action. One can find many examples
of Calabi-Yau four-folds leading to both h™' = 0 and h™" # 0 (cf. [LJ] or table B.4 of [
- keep in mind that h™' = h21(CYY)).

For a generic manifold (hl_’l # 0), the moduli to be stabilized in the theory are the axio-
dilaton 7 = Cy + ie™? (from here on referred to simply as dilaton), p2! complex scalars z*
parametrizing the size of the surviving three-cycles appearing in (.1]), the Kihler moduli:

J =0 @)waly), a=1,... n"Y, (2.3)



and the corresponding axionic moduli p,, from the four-form Cy:
Cy = pal@)®(y), a=1,...,h"Y, (2.4)

with {©} the basis of harmonic (2, 2)-forms, dual to the (1, 1) basis {w, } that is even under
the orientifold projection. The additional moduli entering the effective four-dimensional
field theory because of RbY are:

By = b (2)w,(y), Cy = c*(z)wa(y), a=1,... 7h(l’l), (2.5)

where {w,} is the basis of harmonic (1,1) forms that are odd under the orientifold pro-
jection. In the above formulae, z denotes the four-dimensional space-time where all the
moduli (and we) live, and y are the coordinates on the compact six-dimensional internal
manifold.

With these definitions, the K&hler metric on the space of moduli fields is given in
terms of the reduced complex structure coordinates coming from the explicit manifold and
in terms of the dilaton, the Kéhler and the axionic moduli arranged as follows [21], PJ]:

T = Cy+ie?, G* = ¢ — 1b°,
Ty = 2 4 2 k(@) + ko GO(G — G (2.6)
a = 2 Pa 4 « 4(7_ — 7__) aab ) .

where kq(v) = /{aﬁyvﬁzﬂ, i.e. it is just a four-cycle volume (with a different normalization
compared to the standard literature, used for simplicity). In this notation,

K= Kav® = 6Voy = Kagyv® 007, (2.7)

where Voy is the volume of the manifold already after the orientifold projection. The
numbers K3, and Kqoqp are the usual Calabi-Yau intersection numbers after performing the
orientifold projection. As explained in [, R3], in the process of orientifolding consistency
requires that only the intersection numbers with even number of Latin indices are non-zero.
This means that for all o, 3,a,b, ¢, Kaga = Kape = 0 has to hold. The explicit construction
of orientifolds with such properties might not be straightforward. However, we need not
worry about this issue since orientifolding is performed implicitly from the F-theory picture
and thus consistency is guaranteed.
The standard A" = 1 F-term potential® for the moduli fields is given by:

V=ef (K”DIWDJW - 3\W\2) : (2.8)

where the indices ,J run over all chiral fields (the ones defined through (B.6l) together
with the complex structure moduli z%), the matrix K 17 is the inverse of the Kéhler metric
K;; = 010;K, and DiW = OfW + 01K - W. Here, the Kéhler potential K and the

'"Here we do not add D-terms that are also allowed in N' = 1 supergravity. These generally appear
whenever there are charged chiral fields in the effective action. In principle this happens when one tries to
reproduce the MSSM by adding D7-branes @]7 but here we strictly concentrate on moduli stabilization
and therefore neglect the possibility for a D-term potential.



Index | Chiral fields | Real scalars Values
- T Cb7¢ 1
i 2 Re(z%), Im(z") | 1,...,h*!
T VY < Kq, Pa 1,...,hi_’1
a G b*, c* 1,...,h£1

Table 1: Multiplicity of chiral and real moduli.

superpotential W are functions of the moduli fields in a particular way that will be discussed
separately in the following sections. Once K and W are known, the moduli potential V'
can be calculated and the minima to which the moduli fields roll down and get stabilized
can be found in principle.

From the above definitions, we see that:

o = 2(To+To) — Ko (G — C) (G — G (2.9)

i
3 2(r —17)
Had we assumed that h™' = 0 the additional G“*-dependent term would vanish and every-
thing would be the same as in [[J], so we see that the results in the literature are consistent
with the neglect of the non-geometric moduli. However, if we really want to stabilize all
moduli in the generic case where hi’l ~ bt~ O(100) we need to use the coordinate basis
given by (2.4). We will then describe in detail what happens in this case and show how
all these moduli will be eventually stabilized in a manner similar to the KKLT and LVS
procedures. In what follows we separately discuss the resulting moduli potential and its
stabilization for the tree-level case, and for the cases with added perturbative o/-corrections
to K and then D3-instantons to W. In the end we will be also able to draw conclusions on
how the addition of worldsheet instanton corrections to the Kéhler potential can influence
the stabilization process.

Note that once we derive the moduli potential from the Ké&hler metric in the ba-
sis of chiral fields {7,7,,G*}, we will be able to switch to the basis of real scalars
{Co, ¢, 0%, pa,b%, c*} using (R.6). It will turn out that minimization of the potential is
easier in this new basis since the volume of the Calabi-Yau Voy = %/ﬁam’uo‘vﬁv” will de-
pend only on the two-cycle moduli v and not on the other scalars. Of course, once having
stabilized all scalars one can always switch back to the initial chiral fields where the metric
on the moduli space takes a simpler form. For additional clarity we present table [[, listing
the chiral and real fields that appear in this work, their multiplicity and associated indices.

3. Tree level

At tree level, in four dimensional A = 1 supergravity, the Kihler potential is (see e.g. [H])

K = —Infi /CY Q(2) A (2] — In(—i(r — 7)) — 2In(Voy), (3.1)

KaU%

where the Voy = “27— has to be regarded as a function of the true Kéhler coordinates (B-9).

For x, we use (R.9), while v* can only be written in terms of the chiral fields implictly



by inverting the quadratic relation k, = namvﬁv“ﬂ The superpotential at tree level is
independent of the Kéhler and axionic moduli and is given by the famous Gukov-Vafa-
Witten [P§] flux superpotential

W(z, 1) = /CY Q) A (Fy — TH3). (3.2)

A detailed calculation of the Kéhler potential and the superpotential was carried out in [H]
and generalized to all orientifolds in [2J], both quantities follow from the A" = 2 dimensional
reduction of the low-energy effective action before orientifolding. The full moduli potential
can be calculated from eq. (B.§). It is important here to stress that the potential at tree-
level is positive semi-definite. This is not directly obvious from the expression, but is
nevertheless true as it comes from the reduction of the N' = 2, where it is manifestly
positive definite (c.f. appendix A.2 of [[j]). This means that any full minimum of the
potential will be at V' = 0 and local minima (if any) could be only of de Sitter type (at
V >0).

With this information, we can now try to investigate the explicit form of the potential.
The somewhat involved calculation of the Kéhler metric and its inverse are carried out in
appendix [A.1 and the results are in exact accordance with those in [22, Bd]. One of the
main results is given by the simple expression

KAPK K5 =4, (3.3)

where the indices A, B run over 7,7,,G?, and not over the complex structure moduli z*.
One can roughly break this sum into two contributions - a part in which the dilaton is
involved plus a part coming only from the G*’s and the T,’s as given by ([A.§). This will
be helpful when we want to search for minima of the moduli potential.

The moduli potential (R.§) can now be calculated easily from (A.7) and (B.9), but its
minima cannot be found analytically and depend on the specific model. The only class
of controlled minima is realized when we stabilize the complex structure moduli and the
dilaton to a supersymmetric minimum, D,;W = D,;W = 0 - the same procedure used
in the KKLT and LVS. Imposing D,;W = D,W = 0 results in stabilizing all z’s and 7
to be some function of %ﬁ{babb as it appears in K, (@) When £aqgpv*b®°? = 0 this
dependence vanishes and z',7 are stabilized to constants as in the original KKLT. The
moduli potential after fixing D,;W = D,.W = 0 becomes

(/{aabvababb)2. (3.4)

It is manifestly positive semi-definite once more. Clearly we can reach the global minimum
V = 0 if kagv*b®® = 0. In the initial Calabi-Yau three-fold, mdmvd has a signature
(1,hM1 — 1) 7] (here we use the convention (+,—) for matrix signature). After the
projection, kqg,v® is with signature (1, hi’l — 1) and Kqqpv® with (0,2%"). Then the only
solution of Kagv®b®® = 0 that is meaningful (i.e. we cannot have all v* = 0 as the Calabi-
Yau manifold will vanish) is to set b* = 0 for all a. This is the only generic possibility for
a Minkowski vacuum in this case, depicted on figure [l



Figure 1: The form of the tree-level potential in the b®-directions for A = 2.

Note that V' = 0 can be also achieved for Voy — 00, e® =0, or W = 0. We are not
interested in the first two cases as these contradict our initial construction, while W = 0
might be achieved for some solutions of D,;W = D,;W = 0 (in this case Koab0™DbY will
be stabilized to a certain value since it appears in D,.W). W = 0 will correspond to a
supersymmetric solution since then all covariant derivatives D;W vanish. However, it is
not clear how often this is possible since the solutions of these equations cannot be given
analytically, so the only generic solution remains 6* = 0 for all a.

Therefore we are very restricted in terms of possible analytic scenarios for stabilization
of all moduli. The case when raqv®b®® = 0 is a generic minimum of the potential,
corresponding to vanishing of all terms dependent on the non-geometric Kahler moduli.
This mechanism leads us back to the no-scale potential that is flat in the directions of the
geometric Kahler moduli since V' = 0 after stabilizing all b* = 0. Note that also the masses
mype = 0 in this case, which is not what we need as a final outcome.

So we need to improve our approach in order to break this no-scale behavior and lift
up the axion mass. At this point one can employ the KKLT scenario of considering only
D3-instantons and then stabilizing all moduli at a supersymmetric point. A special case of
this idea was considered in [2§]. We will however stick to the LVS procedure and calculate
first the effect of the leading perturbative corrections and only afterwards of the instanton
corrections on the potential that now includes the axionic moduli. This is in fact the more
general case and it does not exclude, but only improves KKLT. Thus we will be able to
consistently give mass to the b*’s and c¢%’s in the general case without the need to add
D-terms in (P.§).

4. Perturbative a’-corrections

Including the leading perturbative o/-corrections as found first? in B by reducing to V' =1

2Strictly speaking, only the orientifold with hY!' = 0 was considered at first. Later it was shown in @]



the results of [R9] for the A = 2 case, the Kéhler potential becomes:

KaqU® r—7\%?
K:—ln[i/CYQ(z)/\Q(Z)]—1n(—z'(7'—7"))—21n< = —|—§< > >, (4.1)

6 2 2

where £ is a constant, proportional to the Euler number of the CY three-fold:

~4x¢(3)

ST

(4.2)

There are no o’-corrections to the superpotential in perturbation theory and so W is
still given by (B.J). Even only the addition of corrections in K changes considerably the
potential as we will see shortly. V does not have to be positive semi-definite any more
since £ could be either positive or negative depending on the sign of the Euler number of
the Calabi-Yau. As we will see the sign of ¢ will directly correspond to the sign of V.

To analyze the vacuum structure, we start again from (2.§). The computation of the
inverse Kihler metric including the o/-corrections is given in appendix A.J (see (A.16)
and ([A.17)). Thus once more we obtain a complicated expression® for the potential that
cannot be minimized in a controlled way. Similarly to the tree level case, we continue by
imposing D,:W = D, W = 0. At tree level, the stabilization of the other moduli then lead
to minima at V = 0. This property does not hold any more when the o'-corrections are
taken into account since the potential is no longer bounded from below. In the present
case, we will know that we have found minima only if they are at large volumes (in string
units) Vey due to the argument given in the Large Volume Scenario [ff]. It goes as follows.
We write the full potential in a way to separate clearly the contributions from D_;W and
D.W from the other terms. So we split (P.§) in three terms - a quadratic with respect
to D,:W, D,W (both summation indices in (R.§) run over z?,7), a linear (only one index
including z° or 7) and a constant (both indices running over the other moduli). Further
we focus on the scaling of these terms with volume and thus we use the leading terms of

the inverse Kéahler metric (JA.1§):

V = &(K*¥ D, WD, W + K" D,WD-W)

+OVL K (WDW + WD, W) + Vi, (4.3)
with K 2¢>’ ’2 ( b)2
ete P |W Foah V202D _
V=& 1T (3eet/2  Laabl T 7)o oy 23], 4.4
i <£e 4 LoattPP8) L oyl (4.4)

In (f.4) we have given only the leading terms in large volume, because the complete an-
alytic expression looks complicated (c.f. (A17)) and we will only discuss large volume
stabilization for the following reason. The first term of (|.3) is positive semi-definite and
is only zero at the supersymmetric case D, ;W = D;W = 0. This term dominates the
other two at large volumes as it scales as Vc_xg while the two others scale as Vc_f/ % and VC_\:,)’

that this can be trivially extended for a generic orientifold.
3Nevertheless, eq. (@) still holds. The factor 4 is generic for this class of Kéhler potentials as discussed
in |



respectively. Then any movement of the complex structure and dilaton moduli away from
the supersymmetric point increases the potential, i.e. this point is a stable minimum. The
moduli potential simply becomes V = V,, and minimizing it with respect to v®, b* will
result in full minimization of the initial moduli potential in all directions as long as the
large volume assumption is satisfied for the obtained minima.

Therefore, we can consistently neglect the terms of order Vc_;l/ % and lower in (E4).
We first observe that, apart from the non-generic supersymmetric point at W = 0 (corre-
sponding to KKLT type of extremum), we again need to set kaqv®b®h® = 0 < Vb* =
in order to minimize the term depending on the axionic moduli. But in this case we are
still left with volume dependence since the & term survives. Now we see how important
the sign of £ turns out to be:

e £ >0, ie yxcy < 0: The resulting potential is positive definite and vanishing as
Voy — 00, i.e. this case is consistent with our assumptions but leads to decompact-
ification of the Calabi-Yau. One can only hope that non-perturbative effects will
eventually create a minimum at some finite large value of the volume (this is what
happens in the LVS).

e £ <0,i.e. xcoy > 0: In this case the minimum is when the volume goes to zero and the
potential goes to —oo. Clearly, none of these is in accordance with the approximations
made so far, and we can only trust the result at large volumes where no minima can
be found. Instanton corrections cannot help in generating large volume minima since
they cannot uplift the global minimum at Voy = 0. Therefore, this case is undesirable
and one needs very different approach in order to solve the problem of stabilizing the
moduli for positive Euler number Calabi-Yau three-folds.

5. D-brane instanton corrections

Until now we only considered the tree-level superpotential (B.3). Let us see what happens
if we assume that the compactification manifold meets the criteria that allow for nonzero
D3-instanton contributions to W.

At this point a few words about instantons are in order. In string theory instantons
can appear in Calabi-Yau compactifications when Euclideanized branes wrap cycles of the
manifold [BI]. If the branes wrap around cycles in such a way that supersymmetry is
preserved, the corresponding cycle is called supersymmetric. It is exactly those cases that
give a finite non-vanishing contribution to some of the physical quantities. As explained
in [[J], the counting of zero modes for a specific cycle eventually determines if it is super-
symmetric or not. This translates into a nontrivial condition on the given cycle, depending
on its dimension. For example (relevant here) it turns out that the 4-cycles that satisfy
these criteria, admitting D3-brane instantons, are the ones that have an Euler number
xe = 1. However, this condition is more subtle after the addition of fluxes [[[1], [ and
then one has to check each cycle separately. Fundamental string worldsheets as well as
NS5-branes can also give rise to instantons. It turns out that worldsheet instantons give



rise to non-perturbative o’ corrections to the Kéhler potential, while D3-branes and NS5-
branes contribute to the superpotential. In this paper we shall neglect NS5 contributions
since they are subleading at large volume as discussed in [BJ].

The superpotential with D3-instanton corrections is then:

W = Wiree + > Aa(2',7,G%)e™Te = W + Wi, (5.1)

where the sum over « only goes through the supersymmetric cycles. The coefficients A,
can in principle depend on all other moduli except the T,’s but their explicit dependence is
hard to determine and does not lead to further insight in the process of moduli stabilization
at present (see, e.g. section 2.4 of [@])

We can directly use the Kihler potential ([.1) since we already showed that the o/-
corrections will substantially change the minimization process and cannot be neglected.
Therefore, the moduli potential in analogy to (f.3) will become:

V = X(K** Do WD.sW + K" D, WD;W)
+OVR K (WDW + WDW) + Vs + Vipt + Vip, (5.2)

with

eKe—2¢|”f|2 (/{ Uo‘babb)2 _
=— ' ¢/2 | \raab? U0 ) 2/3
Tow <3ge M—— +O(Viy )), (5.3)

3 3 3 _ i
Vip1 = €5 Z{<_§(’maﬁ — Sfakp) = 5€ ? K" KaachKapab” + O(HO)> aaapAads +
a,B

+(—ie kPR apb® + O(KY)) (aaAaOgeAg — anAaOce Ag) +
+ <—§e—¢mab + O(no)> Oa AgOgn Agye (@aTatasTs) (5.4)

Vop2 = e Z (g/{a + (9(/{_2/3)> (aaAaWe_“aTa + aaflaWe_“aT“) , (5.5)

where the summations are still only over supersymmetric cycles. Vp,1 = eK K aiW&jW
and Vo = K K% (KZW%W + &-WK;W) ,1,7 = Ty, G* are new terms here - they appear
because now 07, W # 0 and Og«W # 0.

By the same argument from the discussion after eq. ([£4), at large volumes we can
consistently set D, oW = D,;W = 0. The resulting equations have G* and T, dependence
that is suppressed with Voy, so we can safely assume that all complex structure moduli
and the dilaton have been set to constants. Then,

V = Vi + Vip1 + Voo (5.6)

In principle, at this point we can also choose to follow the KKLT proposal and stabilize
all moduli supersymmetrically, i.e. requiring additionally Dy, W = Dg«W = 0. The
solutions of these equations will correspond to a set of extrema of the potential and one
has to check explicitly which ones are minima. Thus we would obtain a number of solutions

— 10 —



to our problem that unfortunately cannot be listed analytically and so we cannot draw any
further conclusions. Therefore we now turn to the LVS idea of trying to minimize (f.4) at
large manifold volume, which ensures us of finding minima in the full moduli space.
However, it is not so straightforward to minimize (5.4) and we need to make some
simplifications of V1 and V2 in order to proceed. The scaling of both expressions (@)
and (B.5) is being dominated by the exponential terms, and more precisely by the real part
of the term in the exponent, while the imaginary part decides on the sign. At large 4-cycle
volumes the terms are very suppressed and we can safely ignore them as the exponential
function drops to zero very rapidly.* Therefore the dominating terms in Vipt and V0 will
be the ones corresponding to the small (supersymmetric) cycles k,, which we shall denote
ks. Here we implicitly assume that the internal manifold is of ”Swiss-cheese” type [,
ensuring that small enough cycles do exist for large overall volume. This is required so that
the new terms V,,;1 and V2 can compete with the previously discussed V, as otherwise
D-instanton corrections are diminishing and we arrive back at the situation of section J.

5.1 One small 4-cycle

Assuming for the moment that there is one small 4-cycle and all the others are too big, in
the sense that e " < ™" for all & # s, we finally obtain

- a b - a

V = o [ tom o oty 00y ) Voyedemsetone soad],
Voy

(5.7)

where the exact dependence of a, 3 and vy on the b%’s is coming from (f.3) - (F-5):

a(b) = _g (AsWe—z’aS(%ps—i-%nsab(C’ob“—c“)bb) + Aswems(%pﬁgnmb(&ba—ca)b”)) , (5.8)
—2¢ %% 2 o ababb 2

B(b) = e Wl <3£e¢/2 + M) , (5.9)

4 Voy
) = 6] (243 v o) a2 A 4 2 000 A Ay +
Y = 2 2/4355 K™ KRsacO Kgbd Ag|Ag 3555 K GaeAgUgbAg
i€_¢ ab c A 1
+—— R a (AsOgaAs — ADca As) | (5.10)

We further need to assume ks =~ — /K5 a la LVS, in order to make sure the v term in (B.7)
is not subleading. This is the only possibility to obtain large volume minima within the
approximation of neglecting multi-instanton contributions to @), as proven in details in
the appendix of [B3].°

In (b.§) for the first time we explicitly see some dependence on the moduli pg, ¢ defined
through (2.4) and (R.§). This means we are allowed to stabilize them in a way that will
maximize «, thus minimizing the overall potential. Since they appear only in the imaginary

4Strictly speaking, we are cheating here. Even for the large cycles sz, big enough values of k14,00 will
make the non-perturbative contributions important. We will neglect such possibility at first and comment
on it when we consider the general case with many 4-cycles in subsection @

5Multi-instanton contributions can be safely ignored as long as asks > 1 in string units.

— 11 —



part of the exponent they can only determine the sign of a but not its magnitude (they
can give a relative prefactor between —1 and 1). Therefore it is clear that pg, ¢* arrange
themselves in a way to make the expression as large positive as possible. Since they appear
in the term asAsWe_mS(%ps+%“5“b(c"ba_ca)bb) + c.c., there will be one equation to constrain
the possible values of ps and the ¢*’s. This will be enough to stabilize ps as in the original
LVS and the ¢*’s still remain unstabilized. Therefore @ > 0 with certainty and its b%-
dependence is absorbed by pg, such that

a = 3|A,||W].

On the other hand, we know that v(b) must be positive as it comes from the inner
product of the vector 9;WW with itself. 3(b) is also positive by assumption since a negative
value will not lead to consistent minima as shown in the previous section. Then, in order
to minimize the full potential, the remaining free moduli will try to make the magnitude
of the terms with 3 and ~ as small as possible and the magnitude of the term with « as
big as possible (as it appears with negative sign).

To find the minima of the potential V' we need to solve the system of equations g;f; =0

for all a, g—:; =0, and 6“9/% = 0. To leading orders in volume,

oV Ep— apb 3 _3 EP— apb
8ba BKﬁsabbbe 4a5nse4ase Ksabb®b \/K/_s —5()4\//{_3+3’7VCY6 10sks o7 0s€ Ksabb®b +
K _—2¢ 2
e W a 3 —¢ a
+%I{aab’0 b I{aabvababb +e aTche 2%%“’62%e Ksapb?b” . (511)
CY

We have extrema of the potential in the b-moduli directions whenever 2 W = 0 for all b*.
This is satisfied by % = 0 for all a,% while other solutions can be found only for specific
cases depending on the form of the intersection numbers k.4, and the coefficients Ag.
Note that if all ¥ = 0 we get back the Large Volume Scenario [ff], a(b) = apys,
B(b) = Prvs, and y(b) = ~vs. The solutions of gTV d 22
explicitly only numerically, but the small cycle will be always stabilized to ks ~ In(Voy).

= 0 an = 0 can be found
Then minima at large volume Vey can exist under the same conditions as in [, [, i.e.
some particular relative weight of the prefactors a, 3, and v (8 > a and/or v > «).”

If all b* = 0 we can go further and compute the matrix of second derivatives:

v 3ekf
ObeObb = Ksab ——aln (Vey) +vvIn(Voy) ——/—i @ cackishd . (5.12)
ba=0,Ya

Vey

SHere we further assume that dge As = 0 when all b* = 0. Thus, % = 0 at this point of moduli space.

If this is not the case, b = 0,Va cannot be an extremum of V', but will still be small at large volumes

e
and the extremum will be very close to b* = 0, Va without changlngaour qualitative discussion.

Tt is easy to see from (@) that the term with a will always dominate at Voy — oo as it will scale
additionally as In(Vcoy), while the term with « only scales with y/In(Voy) and the term with 8 has no
additional scaling. Thus large volume minima can only be reached when one of the positive 5 and v terms
competes and dominates over the negative term until Voy is large. So we can roughly estimate the relative
weights of a, 3,7 based on scaling. We need Vey 2 10°, thus 8 > 14a and/or v > 4c. In the main text we

denote these criteria 3 > o and/or v > « in order to keep the discussion as general as possible.
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K gqekshd 1S a negative definite matrix since P (/icd)_l (here we use the definition

Kab = Kaap¥®), S0 it always gives a positive contribution to (f.13). However, this term is
subleading in Vv and therefore we concentrate on the other part of the expression. In
typical cases a and y are of the same order of magnitude so the term in round brackets
is negative.® The matrix ks, could in some cases be negative definite as it comes from
the orientifold projection and we know from before that k,q.v® is negative definite. If

this is the case, ( 0 is positive definite and therefore b* = 0 is a minimum of

%

b8 | pa—0
the potential with the Large Volume Scenario holding for suitable values of a,3,v. In
principle, even when k44 has nonnegative eigenvalues we can have full minima due to the
positive contribution from k°kgqekspg but this seems possible only for not so large values
of Voy and is therefore not a generic case. The argument is reversed when v > «, as in
this case the term in the round brackets becomes positive and b* = 0 is a minimum if Kggp
is positive definite (not very likely).

Apart from this analytic class of minima, we can show the existence of another class
of minima, for which explicit solutions cannot be given. From (f.11]) we see there can be
extrema also when b% # 0 for some a’s. And, in fact, we know that some of these extrema
will certainly be minima of the potential as long as b = 0 is not a minimum. The proof
that there is always at least one minimum of the potential is carried out in appendix [B. It
follows that if k44, does not satisfy the above conditions to make b = 0 a minimum, then
there will still be a minimum with at least one of the b%’s nonzero. In this case we lose
analytic control over the values of ks and Voy at the minimum, so we cannot a priori make
sure that the large volume assumption and the neglect of multi-instanton contributions are
justified. This will fully depend on the explicit form of the intersection numbers kqqp. It
is only clear that the b%’s will still tend to minimize Kqqv®b®® in (6.9), i.e. as many as
possible of the b-moduli will be zero if they are not fixed by % = 0. One would naturally
expect that the closer kzqpb*b° is to zero at the minimum, the closer the values of ks and
Voy are to the LVS case.

To illustrate the above explicitly, consider a simple version of (5.11) where ng, %

always vanish. Then another analytic solution of gT‘{l =0is

4e? /K
b = —In [ =2 k.
Fosab 3a, . <27ch> teths

This is satisfied generally on a hypersurface of the full b-moduli space where at least one of
the b®’s is nonzero. Lower order corrections will then also fix the remaining free b*’s. It is
easy to verify that this hypersurface is a minimum in all b-directions, but when considering
minimization in the ks and Voy directions this is no longer a valid solution, as expected
since our initial assumption to neglect the b-dependence of § and v is clearly wrong.
However, this gives us some intuition for what to expect roughly from the possible minima
that are not at b* = 0, Va. It is likely that brute-force solution of (f.I7)) will only lead to a
hypersurface of minima that is subsequently refined by the lower order corrections.

8a and 7 are determined from the stabilization of z° and 7, so ”typical” here refers to statistically more

probable. v > «a only when Wy is small.
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Generic minimum <y Restr. on kg | Large Volume
=0 Va ayvInVoy > 2y Neg. def. B>«
’ avInVoy < 27y Pos. def. B>a/v>a
37‘2:07 a=1,....,h% | ay/InVoy > 2y | Not neg. def. B>«
Ja, s.t. b £ 0 ayvInVoy < 2v | Not pos. def. | 3> a /v>a

Table 2: Axion stabilization scenarios for one small 4-cycle s.

So finally we emerge with two main scenarios for stabilization of the non-geometric
moduli that entirely depend on the specific Calabi-Yau intersection numbers. The two
cases are sketchily summarized in table fl. If ks has also zero eigenvalues there will be flat
directions at leading order, which will be fixed by the subleading tree level term kqqpv®b*b°
in 8 (we will see soon that for more small moduli flat directions at leading order are unlikely
to appear).

5.2 Many small 4-cycles

Generalizing these conclusions for many small moduli is more involved due to a subtlety
coming from V1 (see (5.4)). There we obtain a mix of exponential terms for different
cycles. Now also each separate small four-cycle (as long as it is supersymmetric) will lead
to a corresponding non-perturbative contribution to the o and ~ terms:

V = K 5(1)) - — (b —3as ks, §aé,-.e’d’fﬂs.abbabb
=e —VCY +Z az( )/{Sie 4%siRs; o %s; i
i=1

+%-<b><—m3i5i>vcye—%aSiHSie%asiemmbbabe (5.13)

_ _ 2 _
- Z{6VCYeK[ie_d’m“bmsibcbc(asiAsi(‘?@aASj — a5, Ag, 00 As)+ ge—%abagaAsia@bAsj
1<j

3 3 _ f
+ <§/€si8j + §e_¢ﬁabﬁsiacbcﬁsjbdbd> asiasjASiASj:| € (aSiTSi—i—aSstj) + C.C.},

where the constants ; and ~; are defined in analogy to (b.§), (5.10) with addition of the
index i where needed to distinguish between different small-volume cycles. Thus we can sta-
bilize all p,, by maximizing each «; separately. We see that the second part of (5.13) (third
and fourth row) is a new term that mixes in a complicated way all moduli s, ps,, b%, c®
(hidden in the exponents of T§,). Its value is ultimately restricted by the condition V,,,; > 0
so it must be smaller than the 7; contributions. These additional terms will solve the prob-
lem with the unstabilized ¢*’s as they exhibit a nontrivial dependence on them (unless
all b* = 0). Clearly, the minima with respect to the ¢*’s can only be found numerically
after specifying the concrete model and the number of stabilized axions will depend on the
values of h™' and the cycles admitting instanton corrections. Therefore the stabilization

of ¢*’s cannot be controlled analytically very well, analogously to the stabilization of p,’s.
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As before, it is easy to see” that there is an extremal point at b* = 0 for all a:

f oV

(6‘/ = 0. Again, other analytic solutions of 5z = 0 cannot be given, here the

W)bazo,w
equation is even more complicated than (f.11]). When all b* = 0, we recover the many-
cycle LVS. The dependence on the ¢* moduli of the potential disappears while dependence
on ps, becomes considerably more complicated compared to the one small cycle case. A
detailed discussion of the minimization in the p-directions is given in A.2 of B3] and we will
not repeat it here. The main result in the end is that large volume minima as before can
still exist for certain configurations of the intersection numbers (see the reference for more
details): again, xs, ~ In(Voy), (—ks,s;) & v/In(Voy) for all small cycles and the volume is
stabilized at a large value. This point is a minimum in the b-moduli directions as long as

oV _ 3t zn: L m(Vey) + iv/IVoy) ) + OV (5.14)
0be b 0w = Voy £ Rs;ab 2042 CY Vi CY cYy .
is positive definite. Note that in general oy ~ as... ~ «a, and 73 ~ ... >~ 7, as

they differ only by the small differences in the proportionality constants as,;, As,. Now the
condition for b* = 0 to be minimum essentially states that the combined matrix as sum of
sub-matrices (kg ap+ - - - + ks, ap) ° should be negative or positive definite depending on the
term in brackets (most likely «; ~ 7; and then the matrix needs to be negative definite).

Once again, we can in general prove the existence of at least one minimum. The
argument goes exactly as in the case of one small modulus in appendix [B, and the essential
point will again be that the dependence on ~; is not crucial asymptotically so we can neglect
it (this also means neglect of the additional mixing terms as they arise together with the
7; terms from (R.§)). We will not repeat the same considerations specifically for this case,
as all statements in appendix [§ can be easily generalized to include many small moduli.

There is now an important difference between the analytical minimum b* = 0 and the
other possibility when at least one of the b%’s is nonzero. In the latter case the additional
mixing term will depend on the ¢*’s and we will be able to fix some or all of them while
also being able to stabilize the pg,’s in a more straightforward manner. The number of
stabilized ¢*’s will depend on the number of nonzero b-fields so one needs to go to the
specific manifold model. Furthermore, when some 6%’s are nonzero there is an additional
subtlety. The full potential originally depends also on the large cycle k1, but we regarded
this contribution as largely suppressed. However, if r7qb%° > 0 this assumption might
not be correct and there would be another term to consider. If this is the case we can
drop the requirement for ”Swiss-cheese” manifold since we will no longer make use of a
clear distinction between small and large 4-cycles. Again, this issue can only be assessed
properly once an explicit manifold is chosen.

Note that in order to obtain a large volume minimum, the ~; > «a; option is question-
able in general due to the fact that the additional terms in (p.13) could decrease substan-

9Aga,in7 we assume that dge A, = 0 for all ¢ when all b* = 0.
OHere we assumed exact equalities a1 = a2... = an and Y1 = J2... = Y. Generally, the combined
matrix of interest is a weighted sum of ks, ab, ..., Ks,ab, but the weights are nearly equal.
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Generic minimum Restr. on ), Ks,q | Large Volume Stab. moduli

b* =0, Ya Neg. def. 6> «a;,Vi 207, Voy, v¥i, ps,

oV —0, a=1,...,h""

b ZZ7T7 VCY7USi7pSi7
34, s.t. b2 £ 0

Not neg. def. 8> a;, Vi

a part of {c*}

Table 3: Axion stabilization scenarios for n small 4-cycles s1 ... sy,.

tially the effective value of each ~;. Therefore, in order to make sure Vi is stabilized large
in all cases, we require that 3> «;, Vi.l!

We have thus found possible minima not only for vanishing 5*’s, but also for non-zero
values. The main results are given in table . As we will see in the next section these
minima could be further destabilized by other instanton effects, so the minimization of the
axionic moduli turns out to be a nontrivial step in the stabilization process.

6. Worldsheet instanton corrections

Another correction to the Kéhler potential is given by worldsheet instantons wrapping
holomorphic 2-cycles on the internal manifold. It is inherited from the type IIA N = 2
prepotential [[4, R]], given by:!'?

FO(X) :FCI(X)+chrt(X)+Fnon—pcrt(X), (6.1)

with

1 Kagy XOXBXY ’
Fa(X) = 31 o5 X0 ) Fpert = Z%(X0)2,
0
Fnon—pert(X) = ZW Z Zn_gﬁe%rmkaX /X 7 (62)
EﬁEHQ n=1

where £ is as defined in ([.9), Kagy are the usual intersection numbers, k;g = fEﬁ Wa,
2X* = & + b a = 1,...,h! before orientifolding,'® and X° has to be set to 1 after

obtaining the Kéhler potential. The numbers n%ﬁ are the genus zero topological invariants

(]

of Gopakumar-Vafa [[[f], associated with each element of the homology. Thus, Fy is the
prepotential for the vector multiplets of type ITA at tree-level of string-loop expansion that

1 As in the one small 4-cycle case, for the non-analytic minima with nonzero b*’s we cannot decide with
certainty about the criterion for large volume minimum. We can only hope >, nsiabb“bb is not too far from
zero and then use the same requirement 3 > «; for all 4.

12Note the slight change of notation as compared to [B, @] This is consistent with the intended
identification of the coordinates X! here and leads to the same form of the Kéhler potential.

13The hats on @& are introduced for a clear distinction between the A = 1 variables of section E and the
ones used here at N = 2.

— 16 —



receives both perturbative and non-perturbative corrections in o/.'* It can be translated
to the type IIB orientifold picture by the classical c-map [B4] with the new coordinates
X = w*/2,a = 1,...,hi’1 and X% = b%/2,a = 1,..., B4 (see also e.g. [[[§] for more
details on how this works). The relevant part of the Kéhler potential can then be calculated

_ IRy -, 0Ry
K——2ln< 2¢< X! —XI—>> , (6.3)
8XI aXI X0—=1

where the final result for K needs to be expressed as before in terms of the chiral fields of

directly by

section . Using this, we finally obtain in the Einstein frame

K = —In(—i(r — 7)) — 2In <VCY + <T;—ZT>3/Q <§ + %wws(f, G)>> . (64)

with

wws(T, G) Z Z n& Ccos < ]{;(5;7G> Z Z —2 cos(nwkb?), (6.5)

SpeHy =1 SgeHy; =1

where kf = fzﬁ wge and w, are the harmonic (1, 1)-forms that are odd under the orientifold
projection and g are the corresponding 2-cycles. The contributions from the even (1, 1)-
forms are exponentially suppressed with the v®’s and we can safely neglect them. This
new Kahler potential includes infinite (converging) sum over n and another sum over the
elements of the homology H, of the CY manifold.!® This makes the metric very hard to
invert and we cannot present a generic inverse of K,z that is manifold independent as
was the case before. However, we can use the intuition from previous results to draw quite
generic conclusion on how worldsheet instantons can influence the moduli stabilization.
Note that the corrections are subleading in volume,

(Tz—i?)3/2 ( + (2i)3wws(7' G))
Voy

K =—-2In(Voy) — 2 + O(VEy). (6.6)
Therefore the worldsheet instantons will appear in the end result the same way as the
perturbative corrections, i.e. in the definition of the 3 term (see eqgs. (5.7) and (5.9)). They
would be too subleading to influence the a,~ terms in (f.7).

If we consider more closely the dependence of wys, we see that its extrema can be
given by the condition k2be = 18 for an integer number 1°. In fact wys is maximized for
1 =0,+2,+4... and minimized whenever 1% = +1, 43, £5. .. for every cycle Y3. If indeed
k‘g be = 1P for all 23, then both % and %%Vgs vanish. So in this case we can effectively
consider wys to be constant for the purpose of obtaining analogs of (A.1§) and (A.19) that

These non-perturbative corrections are in fact the genus zero worldsheet instanton contributions to
the prepotential. Higher genus worldsheets instantons do not appear in the prepotential and will not be
discussed further. Although it is not fully precise, here we refer to the genus zero worldsheet instantons
simply as worldsheet instantons.

15This sum also needs to be finite, see section 2.2 of [@ for discussion of this issue.
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eventually determine the expression for [. Then the Kahler metric can be again inverted
analytically'® just by adding the constant @ ) == Tws 10 the existing £ in the formulae in
appendix [A.2. For the minimum of wys we get:
”2 3¢(3)
N 8 0
Ws oo 19—t1,43..v5, = ) Z -7 > s (67)

SgeHy =1 SpeHy

The minimization of wys means minimization of the full potential as it decreases the value
of the § term:

3eKe_3¢/2|W|2C(3) 0
ﬁws|k§ba:lﬁ,l5::|:1,:|:3...,VZﬁ = 202m)3 (=2x) =3 E ny, | - (6.8)
EﬁeH;

Note that in the case when b® = 0 for all a, wys is maximized and the sign in front of the
instanton sum in (6.§) flips. This will make b* = 0 much less likely to be a minimum of the
potential, e.g. (f-19) and (f.14) will be corrected with the negative sum over Gopakumar-

Vafa (GV) invariants. In case it is large enough, the sum will make sure that b* = 0,Va is
in fact a maximum. And the minimum will certainly be at a point which decreases (. If the
(B term decreases so much that it becomes negative we will no longer have any consistent
minima in the volume direction as discussed in sections f] and fl. 8 > 0 is absolutely
crucial for the existence of LVS minima, while supersymmetric KKLT minima can exist
independently of the sign of 3. On the other hand, if 3 is positive of the order of o, we
will only have small volume minima in the LVS. So one can only hope that the 2-cycles of
the manifold do not allow for larger values of the GV invariants and thus of the worldsheet
instanton corrections as this can spoil the whole process of moduli stabilization. The case
~v > « might still enable the existence of desired minima for small positive 3, but this does
not seem to be possible for many supersymmetric cycles as seen in subsection f.2.

The above discussion is in fact quite general and does not necessarily have to hold only
for the special points in b-moduli space that minimize wys, although these are the cases
that can be handled analytically (as long as the inverse Kéhler metric is concerned). Even
for generic values of the 6*’s at the minimum of the potential where we also get corrections

from %%‘gs, the 8 term will tend to decrease as all terms in 3 coming from worldsheet

corrections will necessarily be periodic and therefore allowed to become negative.!” Note
that in fact the worldsheet instantons are the leading term that exhibits b%-dependence.
The tree-level term from section [J is suppressed by Vm/( compared to wys, and therefore we
expect that (even without having any D3-instantons) the b%’s are stabilized away from zero,
unless the GV invariants are small. Thus the volume will be usually stabilized at a lower

value as compared to section [, due to the decrease in the 3 term. As we see the risk for

1611 the sense that the potential V is precise upto order OV, 10/3) i.e. the inverse metric is analytic at
leading order. This is all we need since we are working under the assumption of large volume. The Kahler

wws
aGaaGb
"Unfortunately, as long as |2x| < |3 ZEB n%, /3|’ B will necessarily be stabilized negative as this ensures

metric cannot be inverted to all orders due to the fact that e.g. does not vanish at the minimum.

the minimum of the potential is at very large negative values Vinin — —o0 and very small manifold volumes.
This is of course not an acceptable vacuum as it contradicts all assumptions of our construction.
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the stability of the LVS minima after adding worldsheet instantons is very general and one
needs to explicitly calculate the invariants n%ﬁ in order to make sure phenomenologically
accepted vacua are still present in a given model. Even if this is so, the second type of
generic vacuum in table ] is the most plausible (and least well controlled) outcome.

7. Discussion

We made some progress towards full stabilization of the scalar fields in the compactification
of type IIB string theory on Calabi-Yau orientifolds with Rb! # 0. As seen, the search for
supersymmetric and non-supersymmetric minima of the moduli potential is a nontrivial
task. Many approximations and simplifications are employed in the process and it is not
always granted that these are justified in all possible models. Clearly, perturbative and
non-perturbative corrections play an important role and it is unfortunate that at present
there is no full classification of possible terms that can appear in the Kéhler potential and
the superpotential.

Nevertheless, in the literature one can find extensive discussion of quantum corrections
and their regime of importance, i.e. how suppressed they are with the volume. References [d,
BH), and [BJ study this topic in detail and show that string loop corrections for ”Swiss-
cheese” CY manifolds are subleading compared to the perturbative and non-perturbative
o/-corrections so they only help stabilizing the non-supersymmetric 4-cycle volumes, but
there may be other types of manifolds for which this is not satisfied. Other possible
perturbative o’-corrections are known to be less important compared to the ones discussed
in the LVS, i.e. it seems that the LVS is safe from further perturbative o’ and g4 corrections.
However, there might be other corrections from DBI actions and N = 1 supergravity that
are of importance (see e.g. section 6 and 7 of [[] for more details). If we are to claim that
realistic string compactifications have been found, a better understanding of all quantum
corrections is needed. Needless to say, same holds for instanton corrections to W and K
— as seen in the previous section worldsheet instantons have the potential to break down
the LVS.

Despite these shortcomings, we managed to show with certainty that all b*’s are sta-
bilized already at tree level with instanton corrections possibly changing their vevs and
lifting their masses, and that the p,’s and (some of) the ¢*’s are stabilized if D3-instanton
effects contribute to the moduli potential of the given model. The above is true under the
condition that the manifold volume is stabilized large, which ultimately depends on the
topological data for the manifold and the stabilization of the complex structure moduli
that appear implicitly in the «, 3, and ~ terms defined through (5.7)-(p.10). Therefore
our procedure works for a subset of all minima that one can find in the landscape of vacua,
i.e. for those cases that produce the desired relative weights of «, 3,7 as discussed in sec-
tion . How large this subset is depends on the specific Calabi-Yau manifold, which also
determines the type of perturbative and non-perturbative corrections that should be con-
sidered. So in the end everything can be determined from the topological structure of the
compactification manifold as expected. It seems that at present the full generality of the
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construction defined in section [} is exhausted and one needs to go to specific examples in
order to obtain more explicit results that can be used for predictive purposes.

We will now try to briefly describe some applications that make use of these axionic
moduli [BG-Bg. In type IIB the axions arise from the 2-form fields By and Cs and the
4-form field Cy as given by egs. (B.) and (4). There are a few ideas to employ these
scalars for phenomenological purposes. One scenario, developed initially by Peccei and
Quinn [BY], proposes that a massive scalar field (an axion) provides a solution to the CP
problem in QCD. Reference [B7] discusses in detail whether the missing Peccei-Quinn axion
can be coming from the Cy-moduli. The present work might help answering this question
also for the By, Cs-axions. To study this, one should however also include open string
moduli which was beyond the scope of this paper. Another possibility to use axions is
for driving inflation in the early universe [[i(] (also called N-flation). In [Bg] and [[3] the
N-flation scenario with type IIB axions was considered and made plausible in some specific
toy models. Therefore our work extends the possibility to study this idea as it provides a
more systematic approach to the subject. We leave this for future research.
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A. Inverting the full Kahler metric

Here we will present in detail how to deal with inverting the matrix of partial derivatives
K;7 = 01057K after including the non-geometric moduli. We will not consider the complex
structure moduli dependence, as they are not coupled to the dilaton and the other moduli

in K:
K. iz
T e, (A1)

K ,i5; cannot be inverted explicitly without a given model, so we focus on inverting K , 5.
We will show that, although rather non-trivial, there is an exact analytic solution for the
inverse metric K48 both at tree level and with perturbative o/-corrections included. We
will therefore consider these cases separately in different subsections.

A.1 Tree level

More explicitly, the relevant part of the Kahler potential (B.1)) is

(%(Ta +Ta) = girmyFaan(G = G)*(G — G))(Ta, G*,7)

K=—-In(—i(r—7)) —2In 5 )

(A2)
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where v® is an implicit function of the Ké&hler coordinates. It is given by the relation
Ko = ma5705v7 = K}ag’l)’@ , where we made the definition k.3 = Kqg,v7. Therefore, v* =
KOP kg. We make an analogous definition for the intersection numbers with Latin indices:
Kab = KaabV®-

Now we can calculate the actual Kahler metric, using the following matrix definitions
that are used for shorthand and easier calculation:

G = —%/maﬁ + 20%0P, Gap = —g%, (A.3)
and their corresponding inverses
Gop = —g <R%B - glle;g> , GP = —ZgR? (A.4)
The first partial derivatives of K can then be computed to be:
Ky = —Kr=-—"" - e fiT)%feab(G ~G) (G -G
= g + iGapb™ Y,
Koo = —Kga = ﬁmab(c: — Q) = 2iG b, (A.5)
Kr, = K, = —E7
K

where we used from (R.6) that (7 — 7) = 2ie™? and (G — G)* = —(7 — 7)b* = —2ie~?b°.
Then,

K. = ? + e?G b’ + M%Ga%aabb%%ﬁcdb%d,
Kgor = K ga = e?Gpb® + %Gaﬁnaabb%&db%d,
Kr: =K. = —%Ga%ﬁabb%b,
Kgagr = Gy + %Gaﬁﬁmb%ﬁbdbd, (A.6)
Kr,Go = —Kgar, = —%Gaﬁ Figapd”,

The inverse metric can be found after a lengthy calculation, which goes as follows. One
can make an ansatz for each of the elements of the inverse metric from the number of
free indices, e.g. the component K7™ has only one free lower index « as opposed to
the upper index of the original metric component. Therefore, a possible ansatz could be
KToT = akg + blaapb®?, where a and b can be any expression with fully contracted indices
(or with no indices at all). Plugging the ansatz for every element of the inverse matrix
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leads to 9 coupled equations which lead to unique determination of all components. For
the specific example, we find a = 0, b = 3ie~?. Explicitly, the whole inverse metric is:

K™ = 4%,
KGG‘T' — KTéa — —46_2¢ba,
KToT = — Ko = 3ie™ 20, b7,
KG'G" = 0G4 4e720p%, (A.7)
~a an 3 _¢
K16 = KO — 20 G ™Ryl = Bie™* ancd B,

9e~? 9e2¢
1 Gabﬂaacbcﬂgbdbd +

Having found the inverse metric and the first partial derivatives ([A.5), to obtain eq. (B.J)
is down to some trivial algebra. However, it might be quite interesting in which way one

KToTs — i2Gop + Faapb®BPk peabbe.

gets the number 4. We can break up the sum into two parts - a sum which runs over all
T, and G* but not over the dilaton, plus the remainder of the whole sum (i.e. where at
least one of the indices goes over 7). Then,

2
maabvab“bb>
- )

KKK =3+ 9% ( -

) (1,1)
i,j="T1. "Thgrl’l)’Gl LG (A.8)

FooabV*b2bP 2 .
~eab——= ) as expected since the two sums

while for the remainder one gets 1 — 9e~2¢ (
add up to 4.

A.2 Perturbative o'-corrections

In order to simplify notation, we first use the following definitions:

+E(r — 7). (A.9)

~<
I
S
..<
+
|y
N
\]
|
Rl
N~
«»
Do
Il

In the following we will drop the hat of f and will use this new definition until the end of
the section where we switch to the proper definition. With these identifications, the Kahler
potential takes a misleadingly simple form:

K = —In(—i(r — 7)) — In(Y). (A.10)

However, Y is now dependent on all variables. Its partial derivatives are:

oy oy
oT, 0T, 6

o oy i .
aGa - aéa - 4(7_ . 7—_) "iab(G G) (All)
oy oy i

~ ~ 3
= or = s (G- 0 (G- G+ S(r )2,
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where we define kg, kog as in the previous subsection. However, we slightly change the
definition of G, Gap:

Y 1 Kab
G = —— k™ + —v*%f Gap = ——=. A12
T LA ab =~y (A.12)
Their corresponding inverses are
9
Gop = ——oob faltp Gab = 4y k. (A.13)

VW)

With these, and using (7 — 7) = 2ie™?, (G — G)* = —(7 — 7)b® = —2ie~ b,

B . 1 _ 1 ANl D
K, =-K; = - 4(7_ — 7__)2yl€ab(G G) (G G)

BT =P _ie? |y 3E(20)1/%e
= 7—1—ZGabb b I VR
1 = .
Kgo = —Kga = m"iab(G - G)b = 21Gabbb7 (A.14)
,UCY
. =Kz, = —5

The metric then takes the form:

e2¢ 3¢e?/? 9i2e=?
KTﬂ_' = - - —
( 4 +2(2@)1/2Y Y2 *

€(20)1/26—0/2
+ <e¢ + M) Glapb®b® +

—— Gl b b K g gb Y,

Y 16Y2

3i£(2i)Y/2e /2 9
Kgor = K ga = <e¢ + &+ Gab? + mca%aabb%ﬁcdb%d,
3i 2)1/2¢=9/2
Krz=—-K. 5 = —maaﬁnﬁabbabb _ £@0) “er? )2Y2 v?,
9
Kgagn = €?Gop + @Ga%mb%ﬁbdbd, (A.15)
3i
KTaéa == _KGaTa == _ﬁGaﬁﬁﬁabbb,

GoP
Kp7, = VT

The inverse metric is found along the procedure from the previous subsection, described
after eq. (JA.6). For easier reading, we will write down the ansatz for the inverse metric
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and give the resulting prefactors separately.

KT‘T‘ = a,
KG“T’ — KTC_vm — bba,
KT — _ Ko — cip b’ + dkig,

KOG = 1GY + mb, (A.16)
KTaéa = _KGaTa = e(;ab"iozbcbC + fﬂabcbbbcba + qﬂaba7
K'T0 = gGop + hG™Kaachkigpab” + j1kaapb b’k geab D’ +
+j2(lia/€5abbabb + Kaabbabbﬁﬁ) + JaKakg.
The corresponding prefactors are
Y
" 2(-5 1)
2¢ 3ceb/2 9ig2e—@ -
2(-% +45) (5 + iy — 2550 ) + 25
b= —a
(Y
. 3i (-5 + 75)
2¢ 3ce®/2 9i£2e— ¢ ikE2e— ¢
2(2(-% +45) (2 + iy — 2557 ) + 2557 )
P (2i)1/2£e_¢/2
a 2¢ 3teb/2 9ig2e—9 iKkE2e—®
2 (_% + 1_%) <6T + 2(2551/23/ - nyg ) + uigyg
31
— _ 2.
e 5 ¢
f=-c
q=—d
g=Y> (A.17)
9
h=>e?
1€
Y
g1 = 9 (_5 + 1_%)
2¢ 3¢e?/2 9i¢2e—¢ ik2e—@
825+ ) (5 + gy — "55) + 55)
. 3i€(21)1/2e=9/2
J2 = 2¢ 3ce®/2 9i£2e— ¢ ikE2e— ¢
L5+ 5) (5 + sy — 25 + 25)
; 2i¢%e?
Ja = - . -
Y Y 2¢ 3¢e?/? 9ig2e—@ £2¢—¢
(_g + I_RS) (2 (_g + I_RS) (eT + 2(251/2)/ - = ye2 > + “{Yg >
l=e¢*
m = a.

Clearly the inverse metric in this form is not very suitable for calculational purposes. As

we are interested in the large volume behavior, we can expand the coefficients a,...,m

and take the leading terms in the limit where Voy — oo. In order to calculate K i K K;
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exactly upto (’)(VC_;’/ 3) we also need some of the subleading terms of the inverse metric.
With this choice of relevant accuracy, we obtain:

20 2487
(20)Y2Vey'
KT = K7C" ~ —4e™20p0,

KT‘T‘ ~

_ _ 95)1/2—56/2
KT = 7o 30200 paph 9¢(2i)1/%e

_ Voy Ra,
KG'G" ~ e—tqab + 4e22p%, (A.18)
Y . L —¢ 9;)1/20—56/2
KToG* _ _ GTa o —?’Ze—G“b/{abcbc _ 3ie_2¢/1abcbbbcb“ + M/{ab“,
2 Vey
- 9e—¢ 9e—2¢
KTeTs ~ Y2Go¢ﬁ + eTGab’{aacbcﬁﬁbdbd + 64 I{aabbabbﬁﬁcdbcbd +
27i€(2i)1/2e=59/2 b b 81ig%e %
b b*b — .
Wy (K/a/{ﬁab + Kaab K’ﬁ) V(?Y Kakp

Now we can calculate K K; K 7 and we find it again equal to 4 as in the tree level case (B.9).
This time the 4 comes as follows:

6Ee3¢/2

i e 2w -5/3
KUK K- =3+ — 0 (g p0®b300)2 — 25— L o323,
; + e, (KaabV ) 22 Voy +O(Vy'™)
(1,1)
z‘,j:Tl...Thil,l),Gl...th : (A.19)

and the remainder is what is left such that the sum is 4. Note that we still have é depen-
dence, and if we switch to & we recover the standard term that appears in the literature

(c.f. (17) of [)):

6e39/2  3ee302
(20)2Vey  4Voy

B. Proof for the existence of minima of the moduli potential in the b®-
directions

Here we present an extensive argument to show that the moduli potential V' in its form (f.7)
will always exhibit at least one minimum with respect to the moduli in question, ks, Voy,
and h™' b%’s. The argument can be trivially extended for the case of many small 4-cycles
ks, (c.f. eq. (B.13)).

Apart from the coefficients o, 3,7, we see that the potential V (5.7) depends on b?
only through rgqb®b°. Therefore, let us define = rgu,b®° and take V as a function of
only z, ks, Voy. We will then consider all possible cases of scaling of § and v with z («
does not really depend on z since any change in the *’s only changes the value of p, at its
minimum and leaves « the same). So,

Kee fse” n B(x) 7(:E)\//£_Se_2“562x
)

_|_

V syV = -
(@ s, Voy) “ V(?Y Vé’Y Vey

(B.1)
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where we implicitly absorbed additional constants in the definitions of «;, 3,7, ks,  in order
to simplify notation and without any loss of generality. Note that here «, 3,7 are always
strictly positive, while z € (—o0, 4+00) (for a completely generic matrix k) and kg, Voy €
(0,+00). Since V : R x RT x RT — R we cannot really picture it, but we will present three
slices of V' at different values of z: 0 and +oo. Then we will be able to draw conclusions
on how the potential looks everywhere.

® T — —o0:
T — —00
lim v = P& =) _ )
T——00 VCY
Since B(x — —o0) is always positive (in this limit it is in fact going to positive
infinity), we see that for all values of kg, Voy the potential remains positive and

vanishes from above when Voy — o0.

o v =20:
—Ks —2Ks
Fs€ " Brvs L vsvEse
2 3
Viy Vey Vey

Here the standard LVS is reproduced, the potential V' is large positive for small values

V = —arys

of ks, Vov, then goes below zero as they increase, and approaches zero asymptotically
from below as Voy — oo. The minimum of the potential is at ks ~ In(Vey) and
some finite value of Voy that depends on the coefficients and is not relevant for the
argument here.

o T — 00:
lim V rse s e® Bz — 00)  y(x — 00)\/Rse Hse?®
imV=—-a«a .

T—00 VC27Y chY VCY

This case is particularly subtle and we need to split it into a few subcases.

For finite ks we see that the last term is largely dominant as it rises squarely faster
than the first term. This makes the potential always positive for finite values of the
volume. When Voy — 0 the second term will make sure the potential never goes
negative.

On the other hand, when kg4 goes faster to co than x the second term will dominate
everywhere and the potential is positive and only vanishing as Voy — oo.

The most subtle case is when kg goes to infinity together with . Then, e* ™" will

remain finite and

Bla)  1@)Va

x
lim V= lm —« +
V(%Y Vey

Ks—,L—00 Z—00 V(%Y

] — (’iabbabb)2
Consider 3 = const. + ey

to infinity. But then, since kg, is negative definite, (rqpb?b°)% will necessarily also

x — oo only when at least one of the b*’s goes

become infinite. Therefore, in the limit z — oo the second term will always scale as

%/3 (remember that Kqp = Kaepv®). The scaling of y(z) is less clear, but this is not
CY
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important for our argument. We can even neglect the v term completely (since in
any case it gives a positive contribution) and still prove our point. The potential is
then simply —VO‘QI— + Vl’;ol/g with the z-dependence hidden in o/ ~ z, 3 ~ x2. Then it
¢y .
is straightforward to minimize the potential in the volume direction, and the value
of the potential at the minimum is
6\/§O/5/2
Vinin 25\/35/3/2 \/E = xl—{go Vinin 0

The minimum of the potential increases with x, so although V' can be (infinitesimally)
negative, its real minimum will not be at £ — oo but at some finite value of x.

We have exhausted the limiting cases and showed there is no runaway direction for x
and it must remain finite in order to minimize V. And for finite fixed z = z¢ the potential
will have no runaway directions in the ks and Voy directions. This is the case because
the standard LVS (z¢o = 0) behavior of the potential will still hold, only that for zy # 0
the relative weight between the coefficients aeg = €™, Bog = B(70), Yot = 7(70)e2™® will
change, effectively changing the values of kg, Voy at the corresponding AdS minimum.
Since Gog always remains positive, ks, Voy will be finite at the minimum and the minimum
itself will be at a finite value Vi, (c.f. appendix A of [BJ] for a detailed proof).

Now we can safely claim that in all cases the full potential V(z, ks, Voy) will be min-
imized at a point or points inside the domain of the variables, i.e. z, ks, Voy will all have
finite values at the minima. We are unable to specify the number of minima, but we know
there will be at least one since the minimum of the potential is finite and negative at the
LVS slice x = 0,5 ~ In(Voy), while on the boundaries of its domain it is positive or
vanishing. This concludes our proof for the existence of minima of (5.7).
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